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Abstract 
This paper discuss the relation between Taylor’s formula and partial differential equation. Taylor formula iteration method can resolve 

partial differential equation. u(x, t) be expanded at t = 0 or t = 1 by Taylor formula. Coefficient of Taylor formula ut(x, 0), utt(x, 0). . . can be 

expressed by partial differential equation. The method can solve nonlinear differential equation. Generalized Taylor’s formula can solve 

fractional partial differential equation. The method is very important way that resolving partial differential equation. The method also can 

resolve those equations from. This article refers to the literature. Taylor formula iteration method belongs to logical thinking. 

Keywords: Taylor’s formula; Iteration method; Nonlinear; Partial differential equation 

Introduction  

This paper introduce that Taylor formula iteration method resolve partial differential equation. In this paper, six examples are used to 

introduce Taylor formula iteration method to solve partial differential equation. This paper also introduce that generalized Taylor’s 

formula can solve fractional partial differential equation. The iterative method of Taylor formula is an important and useful method 

to solve partial differential equation [1-6]. The solution of Taylor formula iteration method belongs to C∞ [7]. 

Variable Coefficient Problem 

We consider equation as following: 

( , ) ( ( , )) 0tt x xxu x t xu x t− =                                                                                    (1) 

2( ,0)u x x=                                                                                           (2)    

( ,0) 0tu x =                                                                                               (3) 

We solve (1) by Taylor formula iteration method as following: 
( , ) ( ( , )) 0tt x xxu x t xu x t− =                                                                               (4) 

1
tt xx

x

u u
xu

= +                                                                                            (5) 

1( ,0) ( ,0) ( ,0)tt xx
x

u x u x x
xu

= +                                                                           (6) 
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2( ,0) ( ) 2xx xxu x x= =                                                                                   (7) 
2( ,0) ( ) 2x xu x x x= =                                                                                     (8) 

( ,0) 2 2 4ttu x = + =                                                                                    (9)  

1
ttt txx

tx

u u
xu

= +                                                                                      (10) 

1( ,0) ( ,0) ( ,0)ttt txx
tx

u x u x x
xu

= +                                                                                (11) 

( ,0) 0tu x =                                                                                           (12) 

( ,0) 0txxu x =              (13) 

( ,0) 0txu x =                                                                                           (14) 

( ,0) 0tttu x =                                                                                              (15) 

And we have: 
( ,0) ( ,0) ... 0tttt tttttu x u x= = =                                                                             (16) 

By Taylor’s formula, we get as following: 

2 3

( , ) ( ,0) ( ,0) ( ,0) ( ,0) ...
2! 3!t tt ttt
t tu x t u x u x t u x u x= + + + +                                                   (17) 

2 2( , ) 2u x t x t= +                                                                                        (18) 

 Solution of equation (1) 

2 2( , ) 2u x t x t= +  

Two Dimensional Heat Conduction Equation Solution 

We study the equation as following: 

2( )t xx yyu tx u u t− + =                                                                             (19) 

3( , ,0)u x y xy y= +                                                                                   (20) 

Next, we solve (19) by Taylor formula iteration method, 

2( )t xx yyu tx u u t= + +                                                                                  (21) 

Let t = 0 on (21), 

( , ,0) 0tu x y =                                                                                     (22) 

On equation (21), finding 1-order partial derivative of t on both sides, we have: 

( ) ( ) 2tt xx yy txx tyyu x u u tx u u t= + + + +                                                                     (23) 

( , ,0) 0xxu x y =                                                                                             (24) 

( , ,0) 6yyu x y y=                                                                                       (25) 

Next, t = 0 on (23), 

( , ,0) 6ttu x y xy=                                                                                       (26) 
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On equation (23), finding 1-order partial derivative of t on both sides, we have: 

2 ( ) ( ) 2ttt txx tyy ttxx ttyyu x u u tx u u= + + + +                                                                (27) 

( , ,0) (6 ) 0ttxx xxu x y xy= =                                                                                             (28) 

 ( , ,0) 0txxu x y =                                                                             (29) 

 ( , ,0) 0tyyu x y =                                                                               (30) 

Next, t = 0 on (27), 

                                                                      ( , ,0) 2tttu x y =                                                                                       (31) 

3 ( ) ( )tttt ttxx ttyy tttxx tttyyu x u u tx u u= + + +                                                                (32) 

( , ,0) 0ttttu x y =                                                                                   (33) 

So, we have: 

( , ,0) ( , ,0) ... 0ttttt ttttttu x y u x y= = =                                                                        (34) 

By Taylor’s formula, we get as following: 

2 3

( , , ) ( , ,0) ( , ,0) ( , ,0) ( , ,0) ...
2! 3!t tt ttt
t tu x y t u x y u x y t u x y u x y= + + + +                                         (35) 

3
2 3( , , ) (3 1)

3
tu x y t t xy y= + + +                                                                           (36) 

Solution of (19), 

3
2 3( , , ) (3 1)

3
tu x y t t xy y= + + +  

The Third Problem with Boundary Values 

We consider following equation: 

4 cost xxu u t− =                                                                                              (37) 

( ,0) cosu x x=                                                                                                 (38) 

(0, ) (1, ) 0x xu t u t= =                                                                                        (39) 

By Taylor formula iteration method, we have: 

4 cost xxu u t= +                                                                                           (40) 

( ,0) 4 ( ,0) 1t xxu x u x= +                                                                                    (41) 

( ,0) 4cos 1tu x x= − +                                                                                   (42) 

4 sintt txxu u t= −                                                                                      (43) 
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( ,0) 4 ( ,0)tt txxu x u x=                                                                                  (44) 

                                                                                          2( ,0) 4 costtu x x=                                                                                     (45) 

                                                                                         4 costtt ttxxu u t= −                                                                                        (46) 

                                                                                    ( ,0) 4 ( ,0) 1ttt ttxxu x u x= −                                                                                (47) 

                                                                                     3( ,0) 4 cos 1tttu x x= − −                                                                                 (48) 

                                                                                            4 sintttt tttxxu u t= +                                                                                    (49) 

                                                                                      ( ,0) 4 ( ,0)tttt tttxxu x u x=                                                                                  (50) 

                                                                                         4( ,0) 4 costtttu x x=                                                                                    (51) 

                                                                                                  4 costtttt ttttxxu u t= +                                                                           (52) 

                                                                                  5( ,0) 4 cos 1tttttu x x= − +                                                                                   (53) 

By Taylor’s formula, we get as following: 

                                     
2 3

( , ) ( ,0) ( ,0) ( ,0) ( ,0) ...
2! 3!t tt ttt
t tu x t u x u x t u x u x= + + + +                                                          (54) 

                                                               2 1

0 0

( 4) ( 1)( , ) cos
! (2 1)!

n n
n n

n n
u x t t x t

n n

∞ ∞
+

= =

− −
= +

+∑ ∑                                                   (55) 

                                                                                   
0

( 1)sin
(2 1)!

n

n
t

n

∞

=

−
=

+∑                                                                           (56) 

We have: 
                                                                          4( , ) cos sintu x t e x t−= +                                                                                       (57) 
We take the best of Fourier expansion: 

                                                                                
1

4

0

( ) 2 ( cos )cos( )t
na t e x n x dxπ−= ∫                                                                (58) 

We get the solution of (38): 

                                                                 4

1
( , ) ( ) cos( ) sin1 sint

n
n

u x t a t n x dx e tπ
∞

−

=

= + +∑                                                      (59) 

Fractional Partial Differential Equation 
 

We consider following fractional partial differential equation: 

                                                           
( , , ) ( , , ) ( , , ) ( , , )B v

x y
u x y t D u x y t D u x y t u x y t

t

α

α

∂
= + +

∂
                                                    (60) 

                                                                                             ( , ,0) ( , )u x y q x y=                                                                                 (61) 

where q(x, y) is known integral polynomial. 

The definition of Caputo fractional derivative about: 
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0

( , , ) 1 ( , , )
(1 ) ( )

                   0< 1

tu x y t u x y d
t t

α

α α

η η
α η η

α

∂ ∂
=

∂ Γ − ∂ −

<

∫                                                                (62) 

                                                                    

2

2 1
0

1 ( , , )( , , )
(2 ) ( )

                     1< < 2

x

x
u y t dD u x y t

x x
β

β

ξ ξ
β ξ

β

−

∂
=
Γ − ∂ −∫                                                           (63) 

                                                                     

2

2 1
0

1 ( , , )( , , )
(2 ) ( )

                     1< < 2

y

y
u x w t dwD u x y t

y y w
γ

γγ
γ

−

∂
=
Γ − ∂ −∫                                                           (64) 

We consider 
( , ,0)u x y

t

α

α

∂
∂

 

                                                          
( , , ) ( , , ) ( , , ) ( , , )B v

x y
u x y t D u x y t D u x y t u x y t

t

α

α

∂
= + +

∂
                                                  (65) 

                                                         
( , ,0) ( , ,0) ( , ,0) ( , ,0)B v

x y
u x y D u x y D u x y u x y

t

α

α

∂
= + +

∂
                                               (66) 

                                                             
( , ,0) ( , ) ( , ) ( , )B v

x y
u x y D q x y D q x y q x y

t

α

α

∂
= + +

∂
                                                        (67) 

Where 

                                                                                      1
( , ,0) ( , )u x y q x y

t

α

α

∂
=

∂
                                                                              (68) 

q1(x, y) is known function. 

We consider 
2

2

( , ,0)u x y
t

α

α

∂
∂

, On equation (62), finding α-order partial derivative of t on both sides, 

We have:  

                                               
2

2

( , , ) ( , , ) ( , , ) ( , , )B v
x y

u x y t u x y t u x y t u x y tD D
t t t t

α α α α

α α α α

∂ ∂ ∂ ∂
= + +

∂ ∂ ∂ ∂
                                         (69) 

                                              
2

2

( , ,0) ( , ,0) ( , ,0) ( , ,0)B v
x y

u x y u x y u x y u x yD D
t t t t

α α α α

α α α α

∂ ∂ ∂ ∂
= + +

∂ ∂ ∂ ∂
                                       (70) 

                                                            
2

1 1 12

( , ,0) ( , ) ( , ) ( , )B v
x y

u x y D q x y D q x y q x y
t

α

α

∂
= + +

∂
                                                   (71) 

Where 

                                                                                    
2

22

( , ,0) ( , )u x y q x y
t

α

α

∂
=

∂
                                                                              (72) 

q2(x, y) is known function. 

We consider 
3

3

( , ,0)u x y
t

α

α

∂
∂

, On equation (62), finding 2α-order Partial derivative of t on both sides, 

We have: 

www.tsijournals.com | Nov 2024

http://www.tsijournals.com/


 
 

6 

                                               
3 2 2 2

3 2 2 2

( , ,0) ( , , ) ( , , ) ( , , )B v
x y

u x y u x y t u x y t u x y tD D
t t t t

α α α α

α α α α

∂ ∂ ∂ ∂
= + +

∂ ∂ ∂ ∂
                                    (73) 

                                             
3 2 2 2

3 2 2 2

( , ,0) ( , ,0) ( , ,0) ( , ,0)B v
x y

u x y u x y u x y u x yD D
t t t t

α α α α

α α α α

∂ ∂ ∂ ∂
= + +

∂ ∂ ∂ ∂
                                   (74) 

                                                         
3

2 2 23

( , ,0) ( , ) ( , ) ( , )B v
x y

u x y D q x y D q x y q x y
t

α

α

∂
= + +

∂
                                                     (75) 

Where 

                                                                                              
3

33

( , ,0) ( , )u x y q x y
t

α

α

∂
=

∂
                                                                    (76) 

3 ( , )q x y is a known function. 

We consider 
4

4

( , ,0)u x y
t

α

α

∂
∂

, On equation (62), finding 3α-order partial derivative of t on both sides, 

We have:  
 

                                             
4 3 3 3

4 3 3 3

( , , ) ( , , ) ( , , ) ( , , )B v
x y

u x y t u x y t u x y t u x y tD D
t t t t

α α α α

α α α α

∂ ∂ ∂ ∂
= + +

∂ ∂ ∂ ∂
                              (77) 

                                                 
4 3 3 3

4 3 3 3

( , ,0) ( , ,0) ( , ,0) ( , ,0)B v
x y

u x y u x y u x y u x yD D
t t t t

α α α α

α α α α

∂ ∂ ∂ ∂
= + +

∂ ∂ ∂ ∂
                        (78) 

                                                                     
4

3 3 34

( , ,0) ( , ) ( , ) ( , )B v
x y

u x y D q x y D q x y q x y
t

α

α

∂
= + +

∂
                                (79) 

Where 

                                                                                                     
4

44

( , ,0) ( , )u x y q x y
t

α

α

∂
=

∂
                                                             (80) 

4 ( , )q x y is known function. 

We have: 

                                                                                                         
( , ,0) ( , )

n

nn

u x y q x y
t

α

α

∂
=

∂
                                                         (81) 

 qn(x, y) is known function. 

By generalized Taylor’s formula: 

                                                                                       
0

 ( , ,0)( , , ) ...
( 1) 

j jN

j
j

t u x yu x y t
j t

α α

αα=

∂
= +

Γ + ∂∑                                            (82) 

So, we have the solution of (62): 

                                                
2

1 2( , , ) ( , ) ( , ) ( , ) ...
( 1) (2 1)

t tu x y t q x y q x y q x y
α α

α α
= + + +

Γ + Γ +
                                              (83) 

Nonlinear KdV Equation 
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We consider the wave equation as following: 

                                                                                 6 0t x xxxu uu u− + =                                                                                             (85) 

                                                                                         ( ,0)u x x=                                                                                                    (86) 

We have: 

                                                                                                 6t x xxxu uu u= −                                                                                    (87) 

                                                                                     ( ,0) 6 ( ,0) ( ,0) ( ,0)x xxxu x u x u x u x= −                                                         (88) 

                                                                                                 ( ,0)u x x=                                                                                            (89) 

                                                                                               ( ,0) 1xu x =                                                                                             (90) 

                                                                                             ( ,0) 0xxxu x =                                                                                            (91) 

                                                                                                ( ,0) 6tu x x=                                                                                         (92) 

On equation (88), finding 1-order partial derivative of t on both sides, 

We have: 

                                                                        6( 2 )ttt tt x t tx ttx ttxxxu u u u u uu u= + + −                                                                         (93) 

                                                 ( ,0) 6( ( ,0) ( ,0) 2 ( ,0) ( ,0) ( ,0) ( ,0)) ( ,0)ttt tt x t tx ttx ttxxxu x u x u x u x u x u x u x u x= + + −                (94) 

                                                                                           ( ,0) 6txu x =                                                                                                (95) 

                                                                                            ( ,0) 0txxxu x =                                                                                            (96)                                                                                   

    2( ,0) 2.6tttu x x=                                                                                                                     (97) 

On equation (94), finding 1-order partial derivative of t on both sides, 

We have 

                                                                                 6( 2 )ttt tt x t tx ttx ttxxxu u u u u uu u= + + −                                                                (98) 

                         ( ,0) 6( ( ,0) ( ,0) 2 ( ,0) ( ,0) ( ,0) ( ,0)) ( ,0)ttt tt x t tx ttx ttxxxu x u x u x u x u x u x u x u x= + + −                                  (99) 

                                                                                       ( ,0) 6txu x =                                                                                                (100) 

                                                                                   2( ,0) 2.6ttxu x =                                                                                                (101) 

                                                                                      4( ,0) 6tttu x x=                                                                                              (102) 

 

By Taylor’s formula, we get as following: 

                                                    
2 3

( , ) ( ,0) ( ,0) ( ,0) ( ,0) ...
2! 3!t tt ttt
t tu x t u x u x t u x u x= + + + +                                                   (103) 

We have: 
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                                                  2 2 3 3 4 4( , ) 6 6 6 6 ...u x t x xt xt xt xt= + + + + +                                                                            (104) 

                                                                         ( , )
1 6

xu x t
t

=
−

                                                                                                          (105) 

So we can get the solution of (86), ( , )
1 6

xu x t
t

=
−

 

Nonlinear Sine-Gordon Equation 

We consider following constant coefficient equation: 

                                                                     
2 sin 0tt xxu c u uα− + =                                                                          (106) 

   ( ,0)u x x=                                                                                           (107) 

( ,0) 1tu x =                                                                                           (108) 

We have: 
2 sintt xxu c u uα= −                                                                              (109) 

2( ,0) ( ,0) sin ( ,0)tt xxu x c u x u xα= −                                                              (110) 

( ,0) 0xxu x =                                                                                      (111) 

( ,0) sinttu x xα= −                                                                                 (112) 

On equation (110), finding 1-order partial derivative of t on both sides, 

We have: 

2 costtt txx tu c u u uα= −                                                                                               (113) 

2( ,0) ( ,0) ( ,0)cos ( ,0)ttt txx tu x c u x u x u xα= −                                                                (114) 

( ,0) 0txxu x =                                                                                                      (115) 

( ,0) costttu x xα= −                                                                                                        (116) 

On equation (114), finding 1-order partial derivative of t on both sides, 

We have: 
                                       2 2cos ( ,0) sintttt ttxx tt tu c u u u x u uα α= − +                                                            (117) 

2 2( ,0) ( ,0)cos ( ,0) ( ( ,0)) sin ( ,0)tttt ttxx tt tu c u x u x u x u x u xα α= − +                                               (118) 

                                                         ( ,0) sinttxxu x xα=                                                                                     (119) 

                                              2 2( ,0) sin sin cos sinttttu x c x x x xα α α= + +                                                        (120) 
 

( ,0)ttttu x , ( ,0)tttttu x … is known function. 

By Taylor’s formula, we get as following: 
2 3 4

( , ) ( ,0) ( ,0) ( ,0) ( ,0) ( ,0) ...
2! 3! 4!t tt ttt tttt
t t tu x t u x u x t u x u x u x= + + + + +                                       (121) 

So, we can get the solution of (107). 

Iterative solution of partial differential equations by Taylor formula is important and good method that solve linear and 

nonlinear partial differential equations and the method also can solve fractional partial differential equations. 
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