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Introduction

This paper introduce that Taylor formula iteration method resolve partial differential equation. In this paper, six examples are used to
introduce Taylor formula iteration method to solve partial differential equation. This paper also introduce that generalized Taylor’s
formula can solve fractional partial differential equation. The iterative method of Taylor formula is an important and useful method

to solve partial differential equation [1-6]. The solution of Taylor formula iteration method belongs to C* [7].

Variable Coefficient Problem

We consider equation as following:

xu, (x,t)—(xu (x,t), =0 (1)
u(x,0) = x> @)
u,(x,0)=0 ©)
We solve (1) by Taylor formula iteration method as following:
xu, (x,t)—(xu (x,1)), =0 4)
u,=u,+ L %)
xXu,
u,(x,0)=u_(x,0)+ L (x,0) (6)
Xu,
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u (x,0)=(x"), =2
u (x,0)=(x"), =2x
u,(x,00=2+2=4

Uy =Upe T
Xu

x

u,(x,0)=u

xx

(x,0)+ R (x,0)
X

x

u,(x,0)=0
u, (x,0)=0
u, (x,0)=0

u,(x,00=0

And we have:

u,,(x,0)=u,,(x,0)=..=0

By Taylor’s formula, we get as following:

2

u(x,t) =u(x,0)+u,(x,0)t +u,(x, 0)%+um(x, ())%ju_“

u(x,t)=x>+2¢
Solution of equation (1)
u(x,t)=x>+2¢
Two Dimensional Heat Conduction Equation Solution
We study the equation as following:
u, —tx(u, +u,)= £
u(x,y,0)=xy+y’
Next, we solve (19) by Taylor formula iteration method,
u, =tx(u, +u,)+ £’
Lett=0on (21),
u(x,,00=0
On equation (21), finding 1-order partial derivative of t on both sides, we have:
u, =x(u,, +u,)+ox(u,, +u,)+2t
u (x,,00=0
u,(x,y,00=6y
Next, t =0 on (23),

u,(x,y,0)=6xy

3

(7
@®)
©)

(10)

)

(12)
(13)
(14
(15)

(16)

(17)

(18)

(19)

(20)

e2y)

(22)

(23)
24

(25)

(26)
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On equation (23), finding 1-order partial derivative of t on both sides, we have:

u, =2x(u, + ”,yy) +x(u,  + unyy) +2 27
Uy (X,,0)=(6xy),, =0 (28)
Uy (X, ,0) =0 (29)
u,,(x,,0)=0 (30)
Next, t =0 on (27),
Uy (%, ,0)=2 31
u,, =3x(u, + uttyy) +tx(u,, + umyy) (32)
u,,(x,y,0)=0 (33)
So, we have:
u,, (x,,00=u,,/(x,y,0)=..=0 (34)
By Taylor’s formula, we get as following:
£’ £
u(x, y,t) =u(x,,0)+u,(x,y,0)t+u,(x,y, 0)5 +u,, (x,y, 0)5 +... (35)
> a
u(x,y,t) =G +Dxy+y’ +? (36)

Solution of (19),

3
u(x,y,t)= (3t2 +Dxy+ y3 +%

The Third Problem with Boundary Values

We consider following equation:

u, —4u_ =cost (37
u(x,0)=cosx (38)
u (0,t)=u _(1,1)=0 (39)
By Taylor formula iteration method, we have:
u, =4u_ +cost (40)
u,(x,0)=4u_(x,0)+1 (41)
u,(x,0)=—-4cosx+1 (42)
u, =4u, —sint (43)
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u,(x,0)=4u, (x,0)

xx
u,(x,0)=4" cosx

u, =4u

1t Uy — COS t

u,(x,0)=4u, (x,0)-1

ttt txx

u, (x,0)=—4"cosx—1

ttt

u, =4u, +sint

utt tttm

u, (x,0)=4u,_(x,0)

tttt ixx

u,,(x,0)=4"*cosx

u, =4u  _ +cost

et ttttcx

u,,(x,0)=—4"cosx+1

By Taylor’s formula, we get as following:

2 3

u(x,t) =u(x,0)+u,(x,0)t+u,(x, 0)% u,(x, O) [t

n

2n+1

u(x,t)= Z(

n=0 ' n= 0(2n+1)‘

=D
sint = z < 2n+D)]

We have:
u(x,t)=e* cosx+sint

We take the best of Fourier expansion:

1
a,(t)=2 J. (e™ cos x)cos(nmx)dx
0

We get the solution of (38):

u(x,t) = Z a,(t)cos(nmx)dx+e * sinl+sint

n=1
Fractional Partial Differential Equation
We consider following fractional partial differential equation:
0“u(x, y,t)
ot”
u(x,y,0) = q(x,y)
where q(x, y) is known integral polynomial.

The definition of Caputo fractional derivative about:

=D u(x,y,0)+ D, u(x, y,0) +u(x, y,1)

(44)
(45)
(46)
(47
(48)
(49)
(50)
D
(52)

(53)

(54)

(55)

(56)

(57)

(58)

(39)

(60)

(61)
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Ou(x,y,t) 1 jau(x,y,ﬂ)dn
ot I'l-a)y on(t-n)*

O<a <l

5 3 1 o tu(é,y,t)dE
R Py e

1<p<2
D7 £ = 1 o tu(x,w,t)dw
) U(x,ya )_ F(2_]/) ayz }l; (y_w)}/—l
I<y<2
We consider M
ot”
% =D" u(x,y,0)+D,"u(x, p,t) +u(x, y,1)
% = DBXU(X, y,O) + Dyvu(x’ y,O) +u(x’y’ 0)
Qi%%gigzDiq@JO+D;ﬂxdo+m%y)
Where
8au(x, Y, 0)
—22 7 — g (x,
P q,(x,y)

qi(x, y) is known function.

0"u(x, ,0) . . o .
We consider 5—2 , On equation (62), finding a-order partial derivative of t on both sides,
t oa
We have:
O™ u(x, y,t 0“u(x, y,t L 0%u(x, y,t)  0“u(x, y,t
() _ po SUCD0) Ly S UCE20) | S0
ot : ot ot ot
0**u(x,y,0 o“u(x,y,0 L 0%u(x,y,0)  0“u(x,y,0
(0.0) o SUCED0) py Su(0,0)  O'u.10)
ot : ot ot ot
o> u(x, y,0) ,
——Eﬁr——zDi%@dﬁ+Dy%@00+%WJ0
Where
*u(x, y,0)
T =q,(x,y)
q2(x, y) is known function.
. 0™u(x,,0) . . o .
We consider T , On equation (62), finding 2a-order Partial derivative of t on both sides,
t

We have:

(62)

(63)

(64)

(65)

(66)

(67)

(68)

(69)

(70)

(71)

(72)
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83“u(x,y,0) _p? 82“u(x, V,t) D" 82“u(x,y,t) N Gzau(x, V,t)
atSa x atZa y atZa 612(1

3a 2a 2a 2a
0 %u(x,y,0) :DBx 0™ u(x,y,0) D" 0™ u(x,y,0) N 0™ u(x,y,0)

8130{ atZa y

atZa atZa
0™ u(x, y,0) .
T = Dquz(xay)-l'Dy qz(x,y)+q2(x,y)
Where
**u(x, y,0)
P =q;(x,»)
q;(x, ) is a known function.
- 0"u(x, ,0) . . o .
We consider 8t—4a , On equation (62), finding 3a-order partial derivative of t on both sides,
We have:
4a 3a 3a 3a
0 u(zc;y, 1 _ D, 0 u(f;y, f. D, 0 u(f;y, 1,90 u(f;y, )
ot ot ot ot
4a 3a 3a 3a
a u()zayao) — DBx a u()g’yao) +Dyv 8 u()zayao) + a u()gayao)
ot or” or” or”
0*u(x, y,0) )
T = D g (5. )+ D, 4y (x.7) + 4, (x.3)
Where
0*u(x, y,0)
e (x,»)
q, (x, y)is known function.
We have:
0" “u(x, y,0)
- Ty = x’
e q,(x,)

n(X, y) is known function.
By generalized Taylor’s formula:

N L.ja Aja
u(eyny=3 L >0

~ T(ja+1) ot

So, we have the solution of (62):

ta 2a
ulx, ’t = X, + X, —_—+ X, _—+
(%, y,0) = q(x, y) +q,( y)F(a+1) 7, ( y)F(2a+l)
Nonlinear KdV Equation

(73)

(74)

(75)

(76)

(77)

(78)

(79)

(80)

(81)

(82)

(83)


http://www.tsijournals.com/

www.tsijournals.com | Nov 2024

We consider the wave equation as following:
u,—6uu +u_ =0
u(x,0)=x
We have:

u, =6uu —u__

u(x,0) = 6u(x,0)u (x,0)—u_ (x,0)

u(x,0)=x

u (x,0)=1

u, (x,00=0
u,(x,0)=6x

On equation (88), finding 1-order partial derivative of t on both sides,

We have:
u, =6(uu, +2uu, +uu, )—u,
u,, (x,0)=6(u,(x,0)u, (x,0)+2u,(x,0)u, (x,0)+u(x,0)u, (x,0)-u, (x,0)
u,(x,0)=6
u, (x,0)=0

u, (x,0)=2.6"x

On equation (94), finding 1-order partial derivative of t on both sides,

We have

u,, =6(u,u, +2uu, +uu

u%x ttx) U

u,, (x,0)=6(u,(x,0)u, (x,0)+2u,(x,0)u, (x,0)+u(x,0)u, (x,0)-u, (x,0)
u,(x,0)=6
u, (x,0)= 2.6°

u,(x,0)=6"x

By Taylor’s formula, we get as following:

2

3
u(x,t) =u(x,0)+u,(x,0)t +u,(x, O)% +u

t
(6,0) 5+

tt

We have:

(85)
(86)

87
(88)
(89)
(90)
C2))

92)

93)
94
(95)
(96)

97

98)
99)
(100)
(101)

(102)

(103)
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u(x,0) =x+6xt+6°xt> +6’ x> +6"* xt* + ...

u(x,t)= —1 —x6t

X
So we can get the solution of (86), u(x,t) = o
— 0t

Nonlinear Sine-Gordon Equation

We consider following constant coefficient equation:

2 : _
u,—cu, +asinu=0

u(x,0)=x
u,(x,0)=1
We have:
u, =c’u_ —asinu
u,(x,0) = c’u_ (x,0)—asinu(x,0)
u,,(x,0)=0

u,(x,0)=—asinx

On equation (110), finding 1-order partial derivative of t on both sides,
We have:

u, =c’u,, —ou,cosu
u, (x,0)=c’u, (x,0)—cu,(x,0)cosu(x,0)
U, (x,0)=0
u,(x,0)=—-acosx

On equation (114), finding 1-order partial derivative of t on both sides,

We have:

u,, =cu, —au,cosu(x,0)+aou’ sinu

et ttxx

u,, = czum (x,0)—au,(x,0)cosu(x,0)+a(u,(x, 0))2 sinu(x,0)

u, (x,0)=asinx

u,,(x,0) = ac’ sin x +a’ sin x cos x + a sin x

u,.(x,0), u,, (x,0) ... isknown function.

By Taylor’s formula, we get as following:
2

3
u(x,t) =u(x,0)+u,(x,0) +u,(x, 0)%4- u

(x,O)%+u

4

ut utt

So, we can get the solution of (107).

Iterative solution of partial differential equations by Taylor formula is important and good method that solve linear and

nonlinear partial differential equations and the method also can solve fractional partial differential equations.

t
(X, O)m-i'

(104)

(105)

(106)
(107)
(108)

(109)
(110)
(111)
(112)

(113)
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(115)

(116)
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